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Abstract 

We consider the obstacle problem with irregular barriers for semilinear elliptic 
equation involving measure data and operator corresponding to a general quasi¬ 
regular Dirichlet form. We prove existence and uniqueness of a solution as well 
as its representation as an envelope of a supersolution to some related partial 
differential equation. We also prove regularity results for the solution and the 
Lewy-Stampacchia inequality. 


1 Introduction 

Let S be a Lusin space, m be a cr-finite positive measure on B{E) and let (L, D{L)) be a 
Dirichlet operator associated with some quasi-regular possibly non-symmetric Dirichlet 
form {£,D[£]) on L'^{E]m). In the present paper we investigate the obstacle problem 
of the form 

—Lu < f{x,u) + fi on {u > hi}, 

< —Lu>f{x,u)+fj, on {tt </ 12 }, (1-1) 

hi < u < h 2 m-a.e., 

where /r is a smooth measure with respect to the capacity determined by L, / : S x M —>■ 
M and hi, /i 2 are measurable functions on E such that hi < /i 2 m-a.e. We also consider 
one-sided problem, i.e. we allow hi = —00 or /12 = -boo. 

The class of operators associated with quasi-regular Dirichlet forms is quite wide. 
It includes local operators in divergence form, nonlocal a-laplacian type operators, 
Ornstein-Uhlenbeck type operators in Hilbert spaces and others (see, e.g., [7, 8, 13, 14, 
16] for concrete examples). We think that the fact that nonlocal operators fit into our 
general framework is of special interest, because problem (1.1) with nonlocal operator 
and measure data is considered here for the first time. 
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In the paper we impose very weak conditions on the data fi, /, hi,h 2 - As for ij, we 
assume that it belongs to the class 

TZ = {fj, : \fj,\ is smooth and Gcj) ■ fi G Mo,b for 

some (j) G m) such that (j) > 0 m-a.e.} (1-2) 

considered in [14], Here \fi\ denotes the variation of jj., Ado,6 is the space of all hnite 
smooth signed measures on B{E) and G is the co-potential operator associated with £. 
Of course the class TZ depends on the structure of £. If £ is transient then Ado,6 C IZ. 
In general the inclusion is strict. For instance, if d > 3 and L is the a-Laplace operator 
with a G (0,2] on a bounded smooth domain 11 C then TZ includes the space 
L^{£l]5°‘^‘^{x)dx), where 6 is the distance to the boundary of 11. Thus in that case 7Z 
includes Radon measures of inhnite total variation. Elliptic equations involving Laplace 
operator and S(x) dx) data were considered in [22]. Note that it also may happen 

that TZ includes nowhere Radon measures. 

The function / : E x R ^ R is assumed to be continuous and nonincreasing with 
respect to the second variable. We also assume that /(•, 0) - m € TZ and for every y G R, 
f{-,y) is quasi-integrable (see Section 2). These assumptions on / but with the latter 
replaced by stronger assumption saying that sup|y|<^ |/(•)y)| € for every r > 0 were 
used previously in many papers devoted to linear and nonlinear equations involving 
measure data and local operators (see, e.g., [1, 4]). Semilinear elliptic equations with 
quasi-integrable data and local operators were considered in [18]. Equations with quasi- 
integrable data and nonlocal operators were considerd for the hrst time in [13] (see also 

[14]). 

In the paper we do not impose any regularity assumption on the barriers hi,h 2 - 
Therefore to guarantee the existence of a solution we have to assume that they satisfy 
some kind of the separation condition. Roughly speaking, our condition says that 
between the barriers one can find some function being a difference of two natural 
potentials (see Section 3). 

Since our data are irregular, the classical approach to (1.1) via variational inequal¬ 
ities (see [5, 25]) does not apply. In the present paper by a solution to (1.1) we un¬ 
derstand a solution of the complementary system (see [10]). In the classical case of 
quasi-continuous barriers and data it is a pair (u, v) consisting of a quasi-continuous 
function u on E and a measure v ^TZ such that 

—Lu = f{x, u) + fj, + u, 

< hi <u <h 2 m-a.e., (1-3) 

I “ ^i) = /e(^2 - u) du~ = 0, 

where denote the positive and negative parts in the Jordan decomposition of 

u. But in general, under the weak assumptions on /, fj, described above, we cannot 
expect that the solution u of (1.1) belongs to the domain D\£]. Therefore the problem 
to make sense of the hrst equation in (1.3) arises. Following [13, 14] we address it by 
using stochastic analysis methods. Namely, by a solution of the hrst equation in (1.3) 
we mean a function tt : E —R satisfying for quasi-every (q.e. for short) x € E the 
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following generalized Feynman-Kac formula 

uix) = E, f{Xt, uiXt)) dt + E, dA^l + E, dAl (1.4) 

Jo Jo Jo 

Here M = {X,P^) is a special standard process with life-time C associated with the 
form (£’,!![£’]), E^ is the expectation with respect to Px and A^,A'^ are continuous 
additive functionals of M in the Revuz correspondence with ^ and ly, respectively. It is 
worth remarking that from [14] it follows that if /U, G A4o,f) and {S,D[£]) is transient 
and satisfies the strong sector condition then (1.4) is equivalent to 

{u,S) = {f{-,u),U6)L2^E.^) + + {u,U6), (5 G 5’^o^ (1.5) 

Here is the set of all finite energy integral Radon measures 6 such that ||C/(5||oo < oo, 
where US is the (0-order) potential of 6 (see [7]). Note that (1.5) is a generalization 
of the Stampacchia definition by duality introduced in [26] for solutions of uniformly 
elliptic PDEs with measure data. 

Our main result on existence and uniqueness of solutions of the complementary 
system (1.3) is first proved for one reflecting barrier in Section 3 and then for two 
barriers in Section 4. It is worth mentioning that in both cases we give necessary and 
sufficient conditions on barriers hi, /12 under which there exists a solution u of (1.3) with 
/, fi satisfying our assumptions. We also prove that u is an envelope of a supersolution 
of some partial differential equation related to (1.3). More precisely, we show that 

u = quasi-essinf{u > hi m-a.e., u is a supersolution of PDE(/ + dfi — diy~)}, (1.6) 

where as before iy~ denotes the negative part of the reaction measure. To our knowledge 
this result is new even for data. A similar to (1.6) result was proved in [12] for 
evolution obstacle problem involving divergence form operator. 

In case /U G J^o,b, /(^O) G L^{E;m) and the barriers satisfy some additional 
regularity condition we show that v G A4o,fe. This when combined with the regularity 
results proved in [13, 14] implies that for every k > 0 the truncation Tk{u) = {—k)VuAk 
of u at the level k belongs to the extended Dirichlet space and 

£{Tk{u),Tk{u)) < 2k{\\^i\\ + \\u\\ + \\f{-,0)\\LpE-,m)), 

where [j • || stands for the total variation norm on the space of signed Borel measures 
on E. 

Einally, in Section 5 we prove the Lewy-Stampacchia type inequality, which is known 
to be useful in the study of regularity of solutions of (1.3). If one of the barriers, say 
/ii, is a difference of two natural potentials then 

< l{u=hi}{f{x,hi) + + Lhi)~. 

Let us note that even in the case of local operators there are only few results of this 
type for two-sided obstacle problem (see [17]). 
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2 Preliminaries 

In the whole paper ill is a Lusin space and m is a positive cj-finite measure on B{E). 

Let D[£] be a dense linear subspace of L?‘{E,m) and let £ : D[£] x D[£] —>■ M be a 
bilinear form. 

We say that {£^D[£]) is positive if £{u,u) > 0 for u G D[£\. A positive definite 
form [£, D[£]) is called a coercive closed form if 

(a) {£,D[£\) is a symmetric closed form on L?‘{E\ m), where £ denotes the symmetric 
part of £, i.e. £{u, v) = ^{£{u, v) + £{v, u)), u, u G D[£], 

(b) {£^D[£\) satisfies the weak sector condition, i.e. there exists K > 0 such that 

\£i{u,v)\ < K£l^‘^{u,u)£l^‘^{v,v), u,u G D[£]. 

Here and henceforth, 


£a{u,v) = £{u,v) + a{u,v), u,v € D[£] 


for a > 0. 

We say that {£^D[£]) is a Dirichlet form if it is closed coercive form and for all 
u G D[£], u"'' A 1 G D[£] and 

£{u + u"'' A 1, u — u"'' A 1) > 0, £’(u — u"'' A 1, u + u"'' A 1) > 0. 

It is known that for any Dirichlet form [£,D[£]) there exists a unique operator 
(L,D{L)) on L‘^{E;m) (sometimes called Dirichlet operator) such that 

D{L) C D[£], £{u,v) = {—Lu,v), u G D{A),v G D[£]. 

By {G'q,}q,>o (resp. {Tt}t>o) we will denote the strongly continuous contraction resol¬ 
vent (resp. semigroup) generated by {L,D{L)). 

Given F G B{E) we set D[£]^p = {u G D[£] : u = 0 on F'^ m-a.e.}. An increasing 
sequence {Fk} of closed subsets of E is called £l-nest if IJfc>i ^[^]\Fu. is dense in D[£] 

with respect to the norm £^ . A set N is an ^’-exceptional set if N'^ C nfc>i 

some £’-nest {F^}. We say that a property in E holds q.e. if it holds outside some 
exceptional set. For a given nest {Fk} we set 


C{{Fk}) = {/ ; FI —> M; is continuous for every A: > 1}. 


We say that a function u on FI is F-quasi-continuous if there exists an F-nest {Fk} 
such that u G C{{Fk}). 

A Dirichlet form (F,D[F]) on L‘^{E;m) is called quasi-regular if 


(a) there exists an F-nest {Fk} consisting of compact sets, 

~1 /2 

(b) there exists an £^ -dense subset of D[£] whose elements have F-quasi-continuous 
m-versions. 


(c) there exist a sequence {un} C D[£] of F-quasi-continuous functions and an F- 
exceptional set N C E such that {un} separates points of FI \ A". 
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Let {8,D[£]) be a quasi-regular Dirichlet form on L‘^{E;m). It is known that 
there exists an m-tight special standard process M = {^l,T,{Xt}t>o,{Px}xeEAXi0) 
properly associated with the form {8,D[£]), i.e. for every t > 0 and / G Bb{E) n 
L^{E-m), 

Ttf{x) = EJiXt) 

for m-a.e. x £ E and x Exf{Xt) is £’-quasi-continuous. 

We say that a positive measure /x on B{E) is £l-smooth if n{N) = 0 for every 8- 
exceptional set N G B{E) and there exists an £’-nest {Fk} of compact subsets of E 
such that fJ-{Fk) < oo, A: > 1. The set of all ^’-smooth measures will be denoted by S. 

It is known that there is one-to-one correspondence between positive T-smooth 
measures and positive additive functionals (PCAFs) of M. This correspondence, called 
Revuz correspondence, can be expressed as 

limS^(i f f{Xs)dAs)= f fdfi, f£B+{E). 
t Jo Je 

For T-smooth measure fx we denote by the unique CAF of M associated with 
We say that a form (T, !)[£’]) is transient if the associated semigroup {Tx}t>o is 
transient, i.e. for every nonnegative cf) G L^{E;m) the limit 

= lim Gi/n(t> 

n—>-oo ' 


is finite m-a.e. 

For a form (£,D[£]) we define as follows: is the family of all functions u 

on E for which there exists an T-Cauchy sequence {un} C D[£] such that Un ^ u 
m-a.e. ({xxn} is called the approximating sequence for u). It is known that if {£, D[£]) 
is transient then for each fixed u £ Ee the limit of {£{un,Un)'\ is independent of the 
approximating sequence for u. We set £{u,u) = limn^oo£{un,Un)- 

A nonnegative measurable function u : E ^ W is called T-excessive if Ttu < u for 
t > 0 and TfU t w as t 0. We say that u is an T-natural potential if u is an ^’-excessive 
function and for every increasing sequence {xk} C T with limit r such that r > C, 

Exui^X.j-^'^ ^ 0; P^j-a.s. 

for q.e. x £ E, where T is the set of all F stopping times. 

We say that a function / : Fi —)■ M is T-quasi-integrable (/ G qL^{E] m) in notation) 
if is a finite AF of M. We say that a function / : Fi —)■ M is locally F-quasi- 

integrable if AI-AI'™- is an AF of M. 

In [18] the notion of quasi-integrability was considered in the case of Laplace op¬ 
erator. Let us mention that our notion of quasi-integrability is more general (since it 
applies to wider class of operators), but at the same time is stronger than the notion 
introduced in [18] in the particular case of Laplace operator. As a matter of fact the 
quasi-integrability introduced in [18] coincides with the local quasi-integrability con¬ 
sidered in the paper [11] devoted to elliptic systems involving Laplace operator (see 
comments following [11, Remark 2.3]). Let us also note that in the case of Laplace 
operator the life-time C, of the associated process is predictable. Therefore the results 
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of [11] suggest that in the case of operators associated with a quasi-regular Dirich- 
let form for which the life-time of the associated process is predictable (e.g. regular 
Dirichlet form without killing part) the main results of our paper hold true if in their 
assumptions we replace quasi-integrability by local quasi-integrability. 

In the rest of the paper if there will be no ambiguity we drop the letter £ in the 
notation. For instance, instead of writing £’-quasi-continuous, ^’-smooth, etc. we simply 
write quasi-continuous, smooth, etc. By —we denote the convergence in probability 
P. x'^ = max(x,0), x~ = max(—x,0). 

3 One-sided obstacle problem 

In the rest of the paper we assume that (£", D[£]) is a transient quasi-regular Dirichlet 
form, / ; i? X M —7> M, /i, /ii, /i 2 : 1^ are measurable functions and is a measure 

on B{E) such that \fi\ G S. 

For fj, £ S we set 

Rfj,{x) = Ex dA^, X £ E. 

Jo 

We will need the following hypotheses. 

(HI) {f{x,y) — f{x,y')){y — y') for every x £ E and y,y' £ M. 

(H2) y !->■ f{x,y) is continuous for every x £ E. 

(H3) X !->■ \f{x,y)\ £ qL^{E;m) for every ?/ G M. 

(H4) R\f{-, 0)1 -|- i?|/i| < oo m-a.e. 

(H5) There exists v : E such that u is a difference of natural potentials and m-a.e., 

V > h, Rf~{-,v) < oo. 

(H6) There exists v : E such that u is a difference of natural potentials and m-a.e., 

hi < V < /i 2 , R\f{-,v)\ < oo. 


Let us define the co-potential operator as 

Gcp = lim GijnJ), (j) £ L^{B',m), (j) > 0 

n—>-oo ' 

and the class R, by (1.2). In [14] it is shown that R can be equivalently defined as 

R = {y : \y,\ £ S, iij^j < oo m-a.e.}. (3-1) 

Note also that from [19, Corollary 1.3.6] it follows immediately that A4o,fe C R. In 
general the inclusion is strict as the following examples show. 
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Example. Let a G (0)2], d>3, and let 12 C be an open bounded set with smooth 
boundary. Let us consider the form {S,D[£]) associated with a-Laplace operator (A)"/^ 
on 12 with zero Dirichlet boundary conditions (see, e.g., [14, Section 5.3]). It is known 
that {£,D[£]) is a transient regular Dirichlet form. By [15, Proposition 4.9] there 
exists constants 0 < ci < C 2 depending only on d,a,D such that Ci5"/^(x) < Rl{x) < 
C2(5"/^(x) for X (z D, where S{x) = dist(x,512). Therefore from (1.2) immediately 
follows that L^(12; 5"/^(x) dx) C TZ. 

Example. Let {£,D[£]) be a regular symmetric Dirichlet form on L‘^{E;m) and let 
S. Let us define {£^,D[£^^]) by 

£^{u^v) = £{u^v) + / uvd/j,, u,v £ D[£^] = {u € D[£]; / u^diJ,<oo}. 

Je J e 

It is well known (see, e.g., [7, Section 6.1]) that (£^^,D[£’^]) is a quasi-regular Dirich¬ 
let form on L?‘{E;m) and the 0-order resolvent of the process associated with 
(£’^,D[£’^]) is given by 

poo 

Rf^fix) = E, / fiXt) dt, f £ L\E- m). (3.2) 

Jo 

From this one can deduce that 

poo 

R^fi{x) = Ex dA^. 

Jo 

The last integral is less than or equal to 1, so from (3.1) it follows that fi £ TZ{£^). 
This shows that even nowhere Radon measures may belong to the class TZ. 

By ES^ we denote the set of all quasi-continuous functions such that for q.e. x £ E, 

Ea, sup \u{Xt)\^ < OO. 
i>0 

Definition. We say that u : E —)■ M is a solution of PDE(/ -|- d/x) if 

(a) u is quasi-continuous and f{-,u)-m£TZ, 

(b) for q.e. x £ E, 


u{x) = Ex(^j f{Xt,u{Xt))dt + J dA'^y 


Definition. We say that a pair {u, v) is a solution of OP(/ -|- dfi, h) if 

(a) u is quasi-continuous and v, -m £TZ, 

(b) for q.e. x £ E, 

<•( r( rC 


u{x) = Ex(^J^ f{Xt,u{Xt))dt + dA'^ + J^ dA-^y (3.3) 
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(c) u(x) > h(x) for m-a.e. x G E, 

(d) for q.e. x G E, 

eJ' {u{Xt)-h*{Xt))dA'i = Q 

Jo 

for every quasi-continuous function h* on E such that h < h* < u m-a.e. 

Remark 3.1. (i) By [14, Lemma 2.9] (see also [13, Lemma 5.4]) condition (d) is 
equivalent to the following condition: 



h*) dv = 0 


for every quasi-continuous function h* such that h < h* < u m-a.e. Standards argu¬ 
ments show that in fact one can replace h* by any quasi-u.s.c. h** such that h < h** < u 
m-a.e. 

(ii) Let L be a quasi-u.s.c. regularization of h, i.e. 


h = quasi-essinf {?7 > h : rj is quasi-u.s.c.}. 


Then {u, u) is a solution of OP(/ -|- dfj,, h) iff it is a solution of OP(/ -|- dfj,, h). Indeed, 
if (u,L) is a solution of OP(/ -|- dfi,h) then of course u > h m-a.e. and for every 
quasi-u.s.c. h* such that h < h* < u m-a.e. we have 



h*)du < 



h)di) = 0 


since h < h* m-a.e., hence q.e. Therefore (u,L) is a solution of OP(/ -|- dfi,h). Now 
assume that {u,u) is a solution of OP(/ -|- dii,h). Then h < u m-a.e. (since u is 
quasi-continuous) and 


{u 


h) dv = 0, 


because h is quasi-u.s.c. and h < h m-a.e. Thus {u, u) is a solution of OP(/ -|- d/j,, h). 
From the above it follows that without loss of generality we can confine ourselves to 
considering quasi-u.s.c. barriers. Moreover, if h is quasi-u.s.c. then the minimality 
condition (d) reduces to 


{u 


h) dv = 0. 


In the proof of Theorem 3.2 we will use the form (T^, L)[£’'^]), which is described 
in detail in [16, Theorem VI.1.2]. Here let us only mention that E'J" is a local com- 
pactification of E and (f”^, il[T^]) is a regular Dirichlet form on m^), which is 

an extension of the form {E,D[£]). Since Zl[£’'^]) is regular, one can associated a 
Hunt process = (H#, T"#, {xf}t>o, ^^) with it. M# being a Hunt 

process is a special standard process and moreover its trajectories have left limits on 
(0, -|-oo). is a standard extension of M, i.e. Px = P}, Xt = xf, t > 0, Px-a.s. for 
every x G E and P^ = 5x, xf = x, t > 0, for every x G \ E. Given u : P —)■ M we 
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will denote by its extension to defined as u^{x) = u{x) for x ^ E and u^{x) = 0 
for x € E"^ \ E. 

Let tt be a real function on E. From now on, 

fu{x) ^ f{x,u{x)), xeE. 

Theorem 3.2. Assume (H1)-(H4). Then there exists a solution {u, u) of OF{f+dfj,, h) 
iff (H5) is satisfied. Moreover, if (H5) is satisfied then u G ES'^ for g G (0,1), —)• n 

in ES^ for q G (0,1) and Un u q.e., where Un is a unique solution of the problem 

-LUn = f{x,Un) + li.+ -On (3.4) 


with Un = n{un — h) ■ m. 

Proof. Necessity of (H5) follows from the fact that u defined by (3.3) is a difference of 
natural potentials (see [3, p. 178]). To prove that (H5) is sufficient let us first note that 
from [14, Theorem 3.5] (see also [13, Theorem 4.7]) it follows that for each n G N there 
exists a unique solution Un of (3.4). Moreover by [13, Proposition 4.9] Un < Un+i, n > 0 
q.e. By (H5) there exists X € TZ such that —Lv = A and f~f,v) G TZ. Hence 

—Lv = X + fn + fy — fv ■ 

Let u be a solution of 

—Lu = A'*'+/y +/„ +p,^. 

By [13, Proposition 4.9], v <v q.e. Therefore h <v q.e. From this we conclude that 

-Lv = A"*" + /„ + /“ + + n(F - h)~. 


By [13, Proposition 4.9] again, for every n G N, 

Un <v q.e. (3.5) 


Set u = sup„>i Un and 


Vn{x) = -E^ f f{Xt,Un{Xt))dt - Ex [ 

Jo Jo 

Since Un < Un+i q.e., it follows from (HI) that Vn < Vn+i q.e. 

Wn{x) = Unix) + U„(x). 


dAf. 

For n G N set 


Then 


Wnix) = Ex 


dAf-. 


JO 

From this (see [3, page 178]) we see that Wn is a natural potential. In particular Wn is 
an excessive function. Therefore w defined as 


wix) = supza„(x), X G FI 

n>l 
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is again excessive (see [2]) and hence quasi-continuous (see [7, 16]). By (3.5), (H2), 
(H3), (H5) and the fact that v <v q.e. we have 


Ax) 


Et 


fiXt,u{Xt))dt + E, 


dAl 


(3.6) 


Hence 


w{x)=u{x)-Ex [ f{Xt,u{Xt))dt-E^ [ dA^ 


Jo Jo 

for q.e. x & E. From the above equation and (3.5) we conclude that w is a natural 
potential. Therefore by [3, Theorem VI.4.22] and quasi-continuity of w there exists 
CAF A of M such that w{x) = E^ Jq dAt for q.e. x £ E. By [7, 16] there exists a 
smooth measure i/ such that for q.e. x £ E, 


Thus 


w(x) = Ex f dA^. 
Jo 


u{x) = Ex fiXt, uiXt)) dt + Ex dA>l + Ex dA1 


Jo Jo Jo 

for q.e. x £ E. Using the Markov property we can conclude from the above equation 
that there exists a MAF M of M such that 


u{Xt) = fu{Xr) dr + dA^x + t dMr, 0<t<C 
Jt Jt Jt 


Px-a.s. for q.e. x £ E. Since Un,u are quasi-continuous and we know that Un ^ u 
and Un < Un+i q.e., we see that are £’^-quasi-continuous, Un —>■ and Un < 

^^-q.e. Therefore by [16, Theorem IV.5.29], Un{xf ) -£ u^{xf)^ t > 0, and 
ut{xf_) —> u^{xft), t>0, Pf-a.s. for T^-q.e. x £ 77^. By [16, Proposition V.2.28] 
(see also [16, Proposition V.2.12]), Un{xf_) = {ut{xf))- and u^{xf_) = {u^{xf))- 
for t > 0. Therefore by Dini’s theorem, for every T > 0, 

snv\u*{xf)-u*{X*)\^p^Q 


for T^-q.e. x £ E, which implies that 


sup \un{Xt) - u{Xt)\ 0 (3.7) 

t<T 

for £’-q.e. x £ E. Since the finite variation parts of the semimatringales uo{X),u{X) 
are continuous, no(V),u(A) are special semimartingales (see [21]). Therefore there 
exists a stationary sequence {r^} C T such that 

Ex sup \u{Xt) \ + Ex sup \uo{Xt)\ < oo. 

t<Tk 
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Since uq < Un < u ioi n > 1, (HI) implies that for 


q.e. X € E, 


(3.8) 


j dA^" < E^ sup \u{Xt) \ + E^ sup \uo{Xt) \ + E^ [ \fuiXt)\dt 

Jo t<Tf. t<Tl. Jo 

pJ'k C'^k 

+ E, \fu,{Xt)\dt + E, dA[^\. 

Jo Jo 

This when combined with (3.7) implies that for every T > 0, 

[un{X) - u{X)]^ = [M- - M]^ 0, 

(see [9]), which is equivalent to 

sup |M” - Mt\ 0. 

t<T 

Using the arguments from the proof of (3.6) one can show that 

E. \fu„m - fuixt)\dt ^ 0. 

Jo 

From (3.7), (3.9) and (3.10) it follows that for every T > 0, 

sup I [ dA'^^ - [ dA'^l 0 
t<T Jo Jo 

for q.e. x € E. Observe that by (3.8), 

PTk 

E^ / {un{Xt) - h{Xt))~ dt^O 

Jo 

for q.e. x € E, which when combined with (3.7) implies that u > h m-a.e. Finally, 
let h* be a quasi-continuous function such that h < h* < u m-a.e. Then by (3.7) and 
(3.11), for every T > 0 we have 


(3.9) 


(3.10) 


(3.11) 


n 

{UniXt)-h*{Xt))+dA 


I _V 


■a.e. Then by (3.7) and 

{u{Xt)-h*{Xt))+dAl 


On the other hand. 


{Un{Xt) - h*iXt))+ dA'(- = n / {Un{Xt) - h*{Xt))+{uniXt) - h{Xt))- dt < 0, 


which implies that 

{u{Xt) - h*{Xt)) dA'; = 0, P,-a.s. 

since h* < u. This completes the proof. □ 

In what follows by || • || we denote the total variation norm on the space of signed 
Borel measures on E. 
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Proposition 3.3. ylssume (H1)-(H5). Let{u,u) be a solution of OP {f+ dfi,h). Then 

[It'll < 2(11^11+ ||/„|| + ||A+|| + ||/-||) 
with A = —Lv, where v is the function of condition (H5). 

Proof By (3.5), 

dA'i < E, dAf + E, fff{Xt) dt + E, dA^'" 

Jo Jo Jo Jo 

+ E,[ f^{Xt)dt + E,[ ff{Xt)dt. 

Jo Jo 

By [14, Lemma 2.9] (see also [13, Lemma 5.4]), 

[ji^ll < lli^ II + Wfu II + ll^’'’ll + Wf^W + Wfv 11- 

By (HI) and (3.5), /“ < ff ■ Therefore 

||l^|| < \\h II + ||A'''|| + ||/i;|| + ||/.y ||. 

Since ||/^;|| < ]|A'''|| + ||/T|| + ||/^'''|| + ||/o|| by [14, Lemma 2.9], the desired estimate 
follows. □ 

For /c > 0 we define the truncature operator : M —)• M as 
Tk{y) = min{max{-/c, y], A:}, y G M. 

Proposition 3.4. Assume (H1)-(H5). Let {u,u) be a solution of OP{f + diJ,,h). If 
/“, y, fo G A4o,f, then v G JPlo,b, Tk{u) G Eg for every k >0 and 

£:(rfc(n),rfc(«))<2A:([|/i]| + ||i/|| + ||/o||), fc>o. ( 3 . 12 ) 

Proof. Follows from Proposition 3.3 and [14, Proposition 3.7, Theorem 4.2]. □ 

The uniqueness of solutions of the obstacle problem follows from the following 
comparison result in which we assume that /i ,/2 : E xM —)■ M, : E —)■ M 

are measurable and /ii ,//2 £ 

Proposition 3.5. Assume that {ui,Ui), i = 1,2, is a solution o/OP(/j + yi,hi). If 

dyi < dfi 2 , hi < ^2 m-a.e. 

and either 

fi satisfies (HI) and fi{-,U 2 ) < f 2 {--,U 2 ) m-a.e. 
or 

f 2 satisfies (HI) and fi{-,ui) < / 2 (-,ui) m-a.e. 
then ui < U 2 q.e. Moreover, if hi = h 2 and f\,f 2 satisfy (HI), then dui > dv 2 . 
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Proof. Suppose that /i satisfies (HI) and /i(-,U2) < f 2 {-,U 2 ) m-a.e. Since the 
Revuz correspondence is one-to-one, we have 

f h{Xr,U 2 {Xr)) dr < f hiXr, U 2 {Xr)) dr, f dA>^^ < f dAI^^ , t > 0. 

Jo Jo Jo Jo 

By the Tanaka-Meyer formula (see, e.g., [21, Theorem IV.70]), for every r G T we have 
(ui - U2)^{Xt) < {ui - U2)~^{Xr) 

+ l\fl{Xr,Ui{Xr)) - f 2 iXr,U 2 {Xr)))l^u,>u,}{Xr) dr 

+ r l{u,>u,}{Xr)d{AI^^ -Al^^)+ 

Jt Jt 

~ [ '^{ui>U2}(.^r) dAf^ - [ d{Ml - M"^) 




2=1 


Observe that l 2 {t, r) < 0 by the assumptions on fi, f 2 - Since /ii < ui A U 2 < ui, 

hit, '^) = ^ (^1 “ • (ui -UiA U2)iXr)l{ui>U2}i^r) dAf^ = 0. 

It is also clear that hit,T) < 0 and hit,T) < 0. Let {rfc} C T be a fundamental 
sequence for the martingale — M^. Then by the above estimates. 


E^im - U2)’^(VtAr) < Ehui - U2y{Xr) 


for q.e. x £ E. From this and the fact that ui,U2 are differences of natural potentials 
we conclude that ui < U 2 q.e. Now assume that hi = h 2 . By Theorem 3.2, for every 
T > 0, 

sup I + sup \Af - A\^ I 0 

t<T t<T 

for q.e. x £ E, where is a solution of 

-Lu\ = fiix, K) + hi + niK - hi)~ 

and = n(u)j — hi)~ ■ m. By [13, Proposition 4.9], ul^ < q.e., which implies the 

second assertion of the proposition. □ 

Corollary 3.6. Under (HI) there exists at most one solution o/OP(/ -|- d^,h). 

In the case where L is a uniformly elliptic divergence form operator with zero Dirich- 
let boundary conditions existence and uniqueness of a solution {u, u) to the problem 
(1.1) (in the sense of the definition of the present paper) was proved in [23]. In [23] it 
is assumed that h is quasi-continuous, /a £ A4o,b and / satisfies (HI), (H2) and slightly 
stronger than (H3)-(H5) integrability conditions. Note also that in the special case 
considered in [23] u is an entropy solution of (1.1). 
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Definition. We say that v is a supersolution of PDE(/ + d//) if there exists a positive 
X GTZ such that u is a solution of PDE(/ + dfi + dX). 

Proposition 3.7. Assume (H1)-(H4). Let u be a solution of OP{f + dfi,h). Then 
u = quasi-essinf{u > h : v is a supersolution o/PDE(/ + dfr)}. 

Proof. Let u be a supersolution of PDE(/ + d/j.) and v > h m-a.e. Then 
—Lv = /(•, v) + + X + n{v — h)~. 

On the other hand, we know that Un u q.e., where Un is a solution of 

-LUn = fi-,Un) + /U + n{Un “ h)~. 

By [13, Proposition 4.9], Un < v, which implies the desired assertion. □ 

4 Two-sided obstacle problem 

Definition. We say that a pair (rt, v) is a solution of OP(/ + /ii, /i2) if 

(a) u is quasi-continuous and n gTZ, f{-,u)-m€7l, 

(b) for q.e. x £ E, 

u{x) = f{Xt, u{Xt)) dt + dAf + dAf). 

(c) hi{x) < u{x) < h 2 {x) for m-a.e. x £ E, 

(d) for q.e. x £ E, 

E, j\u{Xt) - hliXt)) dAf = E, j\hl{Xt) - u{Xt)) dAf = 0 
Jo Jo 

for every quasi-continuous functions on E such that hi < h\ < u < < h 2 

m-a.e. 

Proposition 4.1. Let {ui,Ui), i = 1,2, be a solution of OP{fi + /i^,/i^)- Assume 

that 

d/ii < d/U2, h\ < h\j h\ < h\ m-a.e. 

and either 

fi satisfies (HI) and fi{-,U 2 ) < f 2 {-,U 2 ) m-a.e. 
or 

f 2 satisfies (HI) and /i(-,ui) < /2(-,ui) m-a.e. 

Then ui{x) < U 2 (x) for q.e. x £ E. 
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Proof. Since the Revuz correspondence is one-to-one, 


r h{Xr,U2{Xr))dr< f f2{Xr,U2{Xr))dr, ^ dA>^^ < ^ dA>^^ , t > 0. 

Jo Jo Jo Jo 

By the Tanaka-Meyer formula (see [21, Theorem IV.70]), for every t gT, 

(Ui - U2)^{Xr) = (ttl - U2)'^{Xr) 

+ liu,>u,}{Xr){fl{Xr,Ui{Xr)) - /s(X„ ^ 2 (X,))) dr 

+ f l{u,>u,}{Xr)d{A>f^ - A>f^)+ 

Jt Jt 

~ [ '^{ui>U2}{Xr) dAf^ - [ d{Ml - M"^) 

Jt Jt 

i=l 

It is easy to see that l 2 {t, r) < 0 and / 3 (t, r) < 0. By the minimality of i^i, 1^2 (condition 
(d) in the definition of the solution of the obstacle problem) we have 

r -1 

h{t,T) < J “ "“a) {ui - ui A U 2 ) dAA =0 


h{t,T) < J “ ^ 2 ) ^ {Ui y U2 - U 2 ) dAr'^ = 0 . 

The rest of the proof runs as in the proof of Proposition 3.5. □ 

Corollary 4.2. Under (HI) there exists at most one solution 0 /OP(/-|-/ii,/i- 2 )- 

Theorem 4.3. Assume (H1)-(H4). Then there exists a solution {u,n) of OP{f + 
diJ,,hi,h 2 ) iff (AG) is satisfied. Moreover, i/(H6) is satisfied then u ^ J^S'^ for q £ (0,1) 
and 


(i) if Un,k is a solution of the equation 

LUn^k — f (■) ^n,fc) T /i -|- n{uYi^k hfj k(^Un^k ^ 2 ) 
then Un,k -A u q.e. and in for q £ (0,1) as n,k ^ oo, 

(ii) if {uk,otk) is a solution of the obstacle problem 

-Luk = /(•, ttfc) + p + Uk- k{uk - h2)^, Uk > hi 

then Uk\ u q.e. and in FS'^ for g G (0,1) as k ^ oo. 

Proof. Necessity of (H6) follows from [3, p. 178]. To prove that (H6) is sufficient let 
us first observe that by Proposition 3.5, Uk > Uk+i and dak < da^+i. By (H6) there 
exist a function v and a measure A G 77, such that 


—Lv = A, /(•,!’) G 77., hi < V < h 2 m-a.e. 
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Hence 


-Lv = f{x,v) + {X'^ + f {x,v)) - {X + f'^{x,v)) + n{v - hi) - k{v - h 2 )'^■ 
Let Vn be a solution of the equation 

-LVn = f{x,Vn) - X~ - f'^{x,v) - fJ,~ + n{Vn “ hi)~ . 

By Proposition 3.5, Vn ^ v q-e., and consequently, < / 12 , m-a.e. Therefore 
-LVn = f{x,Vn) - X~ - /+(x,u) - + n{Vn “ hi)~ - k{Vn “ h2) + . 


By Proposition 3.5 again, Un,k > Vn q.e., which implies that 


n{un,k - hi) < n{vn - hi) . (4.1) 

By Theorem 3.2, Vn q.e. where (y,v) is a solution of the obstacle problem 
—Lv = f{x,v) — X~ — f~^{x,v) — +17, v> hi- 

Hence 

/■C _ /-C _ 

(4.2) 


E-r 


dA’; 


Et 


dA'i 


for q.e. x £ E, where Un = n{vn — hi) ■ m. Write a^^k = n{un^k — hi) ■ m. By (4.1), 
Ex fg dA^"’^ < Ex fg dA^", whereas by Theorem 3.2, Ex fg dA^"’^ —>■ Ex fg dA^^ for 
q.e. X £ E. Therefore 


Ex 


for q.e. x £ E. Since dak < dak+i, 


dA^’^ < Ex 


dA'i 


(4.3) 


dA'^'^ < dA^'^+\ Px-a.s. 


(4.4) 


Set At = sup;i,>^ ■ By [20, Lemma 3.2], A is cadlag and hence, as a limit of additive 
functionals, is a positive additive functional. In fact, by [7, 16], A is PCAF of M and 
there exists a smooth measure a such that A = H". Moreover, by (4.2) and (4.3), 
a £TZ. By (4.4) and Dini’s theorem, for every T > 0, 


sup|H“'=-Hf|^P, 0 (4.5) 

t<T 


for q.e. x £ E. Let u{x) = inffc>i Uk{x). Thanks to (4.5) we may now repeat arguments 
from the proof of Theorem 3.2 to show that u is quasi-continuous and moreover that 

Ex \fu,iXt)- fu{Xt)\dt^0 

Jo 

for q.e. x £ E, there exists a nonnegative measure 5 £lZ such that for every T > 0, 

sup\At’‘-Afl^P^O (4.6) 

t<T 
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for q.e. x G E, where 5k = k{uk — h 2 )~^ ■ m, 

sup \uk{Xt) - u{Xt)\ 0 (4.7) 

t<T 

for q.e. x G E, and finally that 

u(x) = E, fu{Xt) dt + E, dA>i + E, dAf - E, dAf (4.8) 
Jo Jo Jo Jo 

for q.e. x G E. By (4.3), u > hi m-a.e. By the definition of a solution of the obstacle 
problem, 


ukix) = E^ fu, (Xt) dt + E, dA^l + E, dA'^^ - E, dAf 
Jo Jo Jo Jo 

for q.e. x G E. From the above equation, (4.8) and the convergence results for 
Uk, fuk: we have already proved we conclude that 

E^ dA^^ ^ E, dAf (4.9) 

Jo Jo 

for q.e. x G E, which implies that u < h 2 m-a.e. Using (4.5)-(4.7) we can show in the 
same way as in the proof of minimality of the measure i/ in Theorem 3.2 that for every 
quasi-continuous h*, such that hi < h\ < u < < h 2 m-a.e. we have 

E, l\hl{Xt) - u{Xt)) dAl = E, [\u{Xt) - hliXt)) dAf = 0 
Jo Jo 

for q.e. x G E. Of course, putting u = 5 — a yields the above equation with v~ in 
place of 5 and in place of a. Thus the pair {u, v) is a solution of OP(/ + dfi, hi, / 12 ). 
Observe that 

Wn < Un,k < Uk q-e., (4.10) 

where {wn,lJn) is a solution of the obstacle problem 

-LWn = fi-,Wn) + n{Wn “ hi)~ + - /Jn, Wn < h2. 

To see this it is enough to observe that 

-Luk = f{-,Uk) + n{uk - hi)~ - k{uk - h2)^ + /U + 


and 

-LWn = fi-,Wn) + n{Wn “ hi)~ - k{Wn “ /l2)+ + /U - /?„, 

and apply Proposition 3.5. By the same method as in the case of {un} one can show 
that the limit of {wn} is the first component of the solution of OP(/ + hi,/ 12 ). 
Hence, by Corollary 4.2, Wn ^ u q.e. Finally observe that by (4.3) and (4.5)~(4.7), for 
every (7 G ( 0 , 1 ), 

Ea: sup \aI'‘ -Ai\‘> + E^ sup \Af^ - I*? ^ 0 

t>0 t>0 
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for q.e. x £ E. Moreover, by the Tanaka-Meyer formula (see [21, Theorem IV.70]), 

\uk{Xt)\f{Xt, 0)\dt + dAl^' + \Et). 

Therefore by [6, Lemma 6.1], for every q £ (0,1), 

E,sup\ukiXtW < (1 - q)-^Ej [^\f{Xt,0)\ + ^ dAl^'Y ■ 

t>o ^Jo Jo Jo ^ 

From this we conclude that Un ^ u in ES‘^ for g G (0,1). In the same manner we can 
see that Wn —)■ u in ES‘^ for q £ (0,1), which when combined with (4.10) implies that 
Un,k —)• w in ES'^ for g G (0,1). □ 

Corollary 4.4. Assume (H1)-(H4), (H6) and retain the notation of Theorem 4-3 and 
its proof. Then for every q £ (0,1), 

E^ sup 1 - Af 1^ + E^ sup 14" - Af ]« ^ 0 

t>0 t>0 


for q.e. x £ E. 

Proof. One can regard (u, u~) as a solution of OP(/ + d/j, + dv~^, h 2 ) (with upper 
barrier). Therefore by Theorem 3.2, yk'\u q.e., where 

-Lyk = f{x, Vk) - k{yk - h 2 )^ + + n, 


and for every q £ (0,1), 

.E^sup|4"^0 (4.11) 

t>o 

for q.e. x £ E, where jJk = k{yk — /i 2 )^ ■ w,. Since yk \ u, yk > hi q.e. Therefore 

-Lyk = f{x, yk) + n{yk - hi)~ - k{yk - /i2)^ + + y. 

By Proposition 3.5, yk > Q-e., and so A:(un,fc “ ^ 2 )^ < k{yk — h 2 )'^. By (4.11) 

and the convergence of showed in the proof of Theorem 3.2, dA°^ < dA^'^, 

which implies that da < dv^. The same reasoning applied to the measure 5 shows that 
d5 < di'~. From this and minimality of the Jordan decomposition of measure n we 
conclude that a = , 5 = v~. □ 

Proposition 4.5. Assume (H1)-(H4), (H6) and let {u,v) he a solution 0 /OP(/+ 
dy,hi,h 2 ). Then 

IKII<3(WI + ll/oll + l|A+|| + ||/-||) 

and 

IKII<3(WI + ll/oll + l|A-|| + ||/+||) 

with A = —Lv, where v is the function of condition (H6). 
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Proof. From (4.3), (4.4) and [14, Lemma 2.9] we deduce that ||a|| < ||z^||. Hence 
11^^^II < ||F|| since a = hy Corollary 4.4. On the other hand, by Proposition 3.3, 

IWI < 2(||A+|| + II/-II + ||M-|| + ll/oll + IIA+II + II/-II). 

which proves the desired inequality for i/"*". The inequality for can be proved in 
much the same way. □ 

Proposition 4.6. Assume (H1)--(H4), (H6) and let he a solution o/OP(/+ 

d/U,/ii,/i 2 )- If X, fv, fo, la G A4o,fe. Then v G A4o,b, Tk{u) G Tg for every k > 0 and 
(3.12) is satisfied. 

Proof. Follows from Proposition 4.5 and [14, Proposition 3.7, Theorem 4.2]. □ 

Proposition 4.7. Assume (H1)-(H4). If{u,n) is a solution o/OP(/ + d;U,/ii,/ 12 ) then 
u admits the representation (1.6). 

Proof. Let u be a supersolution of PDE(/ + d/x — di'~) such that v > hi m-a.e. 
Then there exists a nonnegative measure A G 77 such that 

—Lv = f{x, v) + fi — i'~ + X. 


Since v > hi m-a.e., 


—Lv = f{x,v)+fi + n{v — hi) —V + A. 

Observe that the pair is a solution of OP(/ + d/x — dv~,hi). Therefore by 

Theorem 3.2, Un u q.e., where 

-LUn = fix, Un) + ti + niun - hi)~ - V~. 

By Proposition 3.5, Un < v q.e., which implies that u < v q.e. □ 

5 The Lewy-Stampacchia inequality 

In this section we prove Lewy-Stampacchia type inequality in our general framework. In 
the case of one barrier and regular data inequalities of such type for nonlocal operators 
(on M") are proved in [24]. 

Let us stress that the measures f^i • m, /x, Lhi and n in the theorem below need not 
be finite. 

Theorem 5.1. Let fi GiZ and let {u,n) be a solution 0 /OP(/-|-d/x,/ii,/x 2 ). If hi is a 
differenee of natural potentials then 

<l{u=hi}-ifhG'n^ +h +Lhi)~. (5.1) 

Proof. By the assumption there exists a measure a GiZ such that 

hiix) = E^ [‘^dAf 

Jo 
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for q.e. x G E. Therefore there exists a MAF of M such that 


hiiXt)= dAf- dMl, tG[0,C]. 

Jt Jt 

By the Tanaka-Meyer formula (see [21, Theorem IV.70]), 

{u - h)+{Xt) = {u- h)+{Xo) - f l{^^n,}{Xr)UXr) dr 

Jo 

Jo Jo 

- Vo(y) + y + ^ Mu>h^}iXr) d{Mr - Ml), 


where 


Jt = V - ^iXs-) - ip'{Ys-)XYs), Yt = {u- hi){Xt), ip{x) = x^ 


0<5<t 


and ^p' denotes the left derivative of ip. Since > 0, f > 0, we conclude from the above 
equations that 

0= [\{^^^^y{Xr)hAXr)dr+ f d{Af + A^ - A^) 

Jo Jo 

-[ dAf +hliY) + J+ - [ l^,^f,^yiXr-)diMr-Ml). 


Since dA’f = dA^! , 


hl(Y) + jXP+ fdAf = - f l{^^j,^y{Xr)fh,{Xr)dr 

^ Jo Jo 

+ f l{u=hi}{Xr) d{Al —AP + Al), 

Jo 

where is the dual predictable projection of the process y. Since dA'^^ ,dA'^ are 
orthogonal, it follows from the above that 

dAf < l{^=i,^}{Xt)i-hAXt) dt - dAl + dAf)+ 

= l{^^,,^y{Xt)ihAXt) dt + dAl - dAf)-, 


which implies (5.1). 


□ 
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